Chapter 5: Applications of Differentiation

5.1 Extrema on an Interval

Obijectives:

« Understand the definition of extrema of a function on an interval.

- Understand the definition of a relative extrema of a function on an open interval
- Find extrema on a closed interval.

Definition of Extrema

Let f be defined on an interval I containing some value c.
a. f(c)is the minimum of f on / when f(c) < f(x) for all x in I.
b. f(c)is the maximum of f on I when f(c) > f(x) for all x in 1.

The minimum and maximum of a function on an interval are the extrema of the function on
the interval. Extreme can occur at points in the interval or at the endpoints of the interval.
Extrema that occur at the endpoints are known as endpoint extrema.

A function does not necessarily need to have an extrema on an interval. Continuity can
affect the existence of an extrema on the interval as exhibited in the following diagrams.
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(a) fis continuous, [—1, 2] is closed. (b) fis continuous, (—1,2)isopen.  (¢) g is not continuous, [—1, 2] is closed.

The first diagram above suggests that if an interval I is continuous and closed, i.e. that the

endpoints exist on the interval, that there must also exist a maximum and minimum. Which
leads to...

The Extreme Value Theorem

If fis continuous on a closed interval [a, b], then f has both a minimum and maximum on

[a, D].



Extension

Using Desmos, type the following into Desmos and view the resulting graph. Is there a
minimum and a maximum of the closed intervals? How do you know that the points you
located are the minimum and maximum?

ay=x—4x+5 {-1<x<3) b. y=x>—2x>=-3x-2 {-1<x<3)

Global vs. Relative Extrema

A global extrema is the lowest minimum or the highest maximum on the whole domain of a
function. We find global extrema when viewing/considering the whole domain of a function.
If we are only considering a portion of the function, an interval of the domain, then we are
finding a relative extrema. A relative extrema is the minimum or maximum on an interval. [t
is possible for a relative extrema to be a global extrema when compared to all other
minimums/maximums not in the interval.

Critical Numbers
Let f be defined at c. If f'(c) = O of if fis not differentiable at ¢, then c is a critical number

of f.

f’(c) does not exist.

Horizontal
tangent

c is a critical number of f.

Critical numbers are very important because they coincide with characteristics of graphs of
functions. Consider the above definition of critical numbers and re-examine the graphs.
Notice that the critical points of the graphs are also extrema? This is always true which
leads to...

Relative Extrema Occur at Critical Points

If f has a relative minimum or relative maximum at x = ¢, then c is a critical number of f.

The consequence of the theorem above is that we can find relative minimums/maximums by
setting the derivative of a given function to zero, f'(x) = 0, then solving for the value of x.



Example 1

Find the extrema of f(x) = 3x* — 4x3 on [—1,2]
https://youtu.be/D24MwAkIdD4

Guide for Finding Extrema on a Closed Interval
1. Find the critical numbers of fin (a, b).
a. Find f'(x)
b. Setf’(x) = 0 and solve for x to find critical numbers
2. Evaluate each critical number into f.

3. Evaluate each endpoint of [a, b], i.e a and b, into f.
4. Compare the values. The lowest is the minimum. The greatest is the maximum.

[
Example 2
Find the extrema of f(x) = 2x — 3x7 on [—1,3]

https://youtu.be/Y8MnUGfb3Eo

Example 3

Find the extrema of f(x) = 2 sin x — cos 2x on [0,27]
https://youtu.be/1w5pqlsgBHQ
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