Section 9.2 Diff EQ: Growth and Decay

Obijectives:
» Recognize and solve differential equations that can be solved by separation of variables.
« Use separation of variables to solve a Diff EQ
» Use exponential functions to model growth and decay in application problems.

Up to now, you have learned to solve only two types of differential equations, those of form

y' = f(x) and y” = f(x). In this section, we will explore how to solve a general type of
equation where the strategy will be to separate the variables so that only one type exists on
either side of the equation. The strategy is know as separation of variables.

Lets consider a differential equation can be written in the form
d

M(x) + NOy)—~ = 0
dx

where M is a continuous function of x and N is a continuous function of y. All x terms can

be collected with dx and likewise all y terms can be collected with dy. When this is
attainable, the solution can be obtained by integration on both sides of the equation. Here
are some examples of how the variables in an equation can be separated.

Original Diff EQ Rewritten, Separating Variables
d

x2+3y—y=0 3ydy = —x*>dx
dx

xy' 1 2

=2 dy =—dx

ey +1 ey + 1 X

y'sin X = COS X dy = cotx dx

Example 1

Use the method of separation of variables to solve for the general solution for the given
differential equation.
o 2x
y =
Y

https://youtu.be/GBeiMiDWImMO

To summarize, you only need the constant of integration on one side of the equation.



Example 2
Use the method of separation of variables to solve for the general solution for the given
differential equation.

https://youtu.be/cAfTJp4P_NY

Example 3

d
Find the general solution of : (x> + 4) d_y =Xy
X

https://youtu.be/rZATXxPASRGo

In some situations, it is not feasible to write the general solution in the explicit form
y = f(x). There are times when implicit differentiation is need to find the solution

Example 4
Find the particular solution of the differential equation given the initial condition y(0) = 1.

xya,’x+e_x2 (yz— 1) dy =0

https://youtu.be/Xwov3EiKF8Q

Example 5
Check the solution to Example 4

https://youtu.be/Le0-xg0Xg4w

Example 6

Find the equation of the curve that passes through the point (1, 3) and has a slope of % at
X

any point (x, y).

https://youtu.be/sK1I-HSjaFU


https://youtu.be/Xwov3EiKF8Q

Direct and Inverse Proportionality

Directly proportional: y = kx y is directly proportional to x where k is the constant of
proportionality.

k

Indirectly proportional: y = — v is indirectly proportional to x where k is the constant of
X

proportionality.

Example 7

The rate of change of the number of wolves W(¢) in a population is directly proportional to
650 — W(?), where t is the time in years. When t = 0, the population is 300, and when

t = 2, the population is 500. Find the population when 't = 3.

https://youtu.be/11gIDxx_URU

Exponential Growth and Decay

If v is a differentiable function of ¢ such that y > 0 and y’ = ky for some constant k, then
y = CeX

Where C is the initial value of y, and k is the proportionality constant. Exponential growth

occurs when k > o0, and exponential decay occurs when k < 0. In summary, all solutions
of y' = ky have the form y = CeX".

Example 8
The rate of change of y is proportional to y. Whent =0,y =2andwhent =2,y = 4.
What is the value of y when t = 3?

https://youtu.be/AmrgWQ4RPgA

Radioactive decay is measured in terms of a half-life, the number of years required for half
of the atoms in a radioactive sample to decay over time. The rate of decay is proportional to
the amount present. The following list contains the haft-lives of some common radioactive
isotopes.

Uranium (Z*U) 4,470,000,000 years
Plutonium (*°Pu) 24,100 years
Carbon (**C) 5715 years

Radium (***Ra) 1599 years
Einsteinium (*“Es) 276 days

Radon (***Rn) 3.82 days

Nobelium (#¥7No) 25 seconds



Example 9
Ten grams of the plutonium isotope 2’ PU were released in a nuclear accident. How long
will it take for the 10 grams to decay to 1 gram?

https://youtu.be/0QfW1jdSHhA

Example 10

An experimental population of maggots increase according to an exponential model. There
were 100 maggots after the second day of the experiment and 300 maggots after the fourth
day. Approximately how many maggots were in the original population?

https://youtu.be/VBrmJQK64k0
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