7.5 Properties of Logarithms

Obijectives:
» Use the properties and laws of logarithms to simplify and evaluate expressions

Because logarithms are a special type of exponent, they all share common properties and
laws that govern them. These properties and laws allow us to be able to simplify and
evaluate logarithmic expressions. We begin by examining these properties and laws with
the common and natural logarithms and will then extend these to logarithms of other bases
in the next section, 7.6.

Logarithms are only defined for positive real numbers.
log v and In v are defined only when v > 0.

You should have noticed in the last section that the graphs of y = log x and y = In x both
contain the point (1, 0) because 10° = 1 and e” = 1. In section 7.4, it was evident that
log 10% = k, for every real number k
and
In e* = k, for every real number k.

Similarly, in the exercises from 7.4, it was determined that,
10'°¢Y = v, for every v > 0

and

eV =y, forevery v > 0

In summary, Common Logarithms Natural Logarithms

T logvis defined only when v > 0 In v is defined only when v > 0
2 logl=0andlogl10=1 Inl =0andIn10 =1

3 log 10* = k for every real number k In e* = k for every real number k
4

108V = y for every v > 0 eV =y for every v > 0

Properties 3 and 4 are based on the fact that the composition of inverse functions produce
the identity function, x.



Clearly,

if f(x) =10"and g(x) =logxthen gof(x) =1log(10*) =x
and conversely,

fog(x)=10"8" = x.

Analogous statements are true for when f(x) = e¢* and g(x) = In x.

.|
Example 1: Using properties of logarithms to solve equations

Use properties of logarithms to solve the equation: In(x + 1) = 2
https://youtu.be/IHUxr_8u5sk

Because logarithms are a special type of exponent and the Product Law of Exponents
states: b™ - b = b we deduce the following:

Product Law of Logarithms (Common and Natural):
Forallv,w > 0,
logv-w =logv+logw
Inv-w=Inv+Inw

.
Example 2: Using the Product Law

a. Giventhatlog3 =0.4771 andlog 11 = 1.0414, find log 33.

b. Giventhatln7 = 1.9459 and In9 = 2.1972, find In 63.
https://youtu.be/a7pNKg50HLc

With similar reasoning to that of the Product Law, the Quotient Law states:
Quotient Law of Logarithms (Common and Natural):

Forallv,w > 0,

log <1> = logv — logw
w

.
In <—> =Inv—-—Inw
w



.
Example 3: Use the Quotient Law of Logarithms

a. Giventhatlog28 = 1.4472 and log7 = 0.8451, find log 4

b. Giventhatln 18 =2.8904 andIn6 = 1.7918, find In 3
https://youtu.be/FZIYVAXKBOA

Power Law of Logarithms (Common and Natural)
Forallkand v > 0,
log vk = klogv
and,
InvF =kInv

Example 4: Use the Power Law of Logarithms
a. Given that log 6 = 0.7782, find log /6

b. Given that In 50 = 3.9120, find In \3/ 50
https://youtu.be/cM57jcgym2A

Be sure to understand that the Laws of Logarithms go in two directions, not just left to right.

The following are also true. The ( — ) symbol represents the logical word “then” or the
statement “it follows that”.

Product Law of Logarithms (Common and Natural):
logv-w =1logv+logw — logv+logw =logv-w
Inv-w=Inv+lnw - Inv+In=Inv-w

Similarly,
Quotient Law of Logarithms (Common and Natural):

log <1> =logv—logw — logv—logw = log <1>
w w

1n<1>=1nv—1nw N 1nv—1nw=1n<1>
w w



And,
Power Law of Logarithms (Common and Natural)

logvk =klogyv — klogv = logvk
and,
InvE=klnv - klnv =Inv*

Once it is understood that these statement go in both directions, the Laws of Logarithms
can be used to simplify expressions which is an important skill going forward in
mathematics.

Example 5: Use the Laws of Logarithms to simplify the expression.

Write In 3x + 4 In x — In 3xy as a single logarithm.
https://youtu.be/SD4foYF31KM

Example 6: Simplify into a single logarithm.
\Vx

Simplify: In| — +ln\4/ex2
X

https://youtu.be/e7RZ_u5Dn5I

A logarithmic scale is a scale that is determined by a logarithmic function. Logarithmic
growth is slow and measurements on a logarithmic scale can be deceptive at times. The
Richter scale, a scale that measure the magnitude of an earthquake, is an example of a
logarithmic scale.

The Richter scale

I
The magnitude R(i) of an earthquake on the Richter Scale is given by R(i) = log| — |,
Lo

where i is the amplitude of the ground motion of the earth and i, is the amplitude of the

ground motion of the zero earthquake. A moderate earthquake might have 1000 times the
ground motion of the zero earthquake, ori = 1000i,. Using the formula for the Richter

10004,

lo

= log 1000 = log 10° = 3.

scale to determine its magnitude: R(i) =



An earthquake with 10,000 times the ground motion of a zero earthquake, or i = 10000i,

10000:
.—lo = log 10000 = log 10* = 4.

would have a magnitude of R(i) =
lo

We can see that a increase of 10 times the ground motion only results in a 1-point change
on the Richter scale.

Example 7

On March 26, 2020, a 5.0 magnitude earthquake on the Richter scale occurred 175 miles
east of El Paso. The great earthquake of 1906 measured 8.3 on the Richter scale which
resulted in more than 3,000 casualties and over 80% of San Francisco being destroyed.
How much more intense was the ground motion of the 1906 Great Earthquake compared to
the El Paso Earthquake 20207

https://youtu.be/090EZJx77Gw
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