/.2 Exponential Functions

Objectives:
« Graph and identify transformations of exponential functions
» Use Exponential functions to solve application problems

Graphs of Exponential Functions

For each positive real number B, B # 1, there is an exponential function with base B
whose domain is D = (— 00, 00) and whose rule is given by f(x) = B*. The shape of the
graph of an exponential function f(x) = B* depends only on the value of B as shown below,

B>1 O0<B<l1
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Graph is above the x-axis Graph is above the x-axis

y-intercept is (0, 1) y-intercept is (0, 1)

f(x) is increasing f(x) is decreasing

As x — — o0, the value of f(x) — 0 As x — o0, the value of f(x) — 0



Exploration

A. Graph the following functions on the same coordinate axis on a graphing calculator or
DESMOS.

fx) =1.2% g(x) = 3* h(x) = 9
As the graphs continue to the right, which graph is increasing the slowest? Fastest?

B. Locate the y-axis. As each graph continues to the left, what y-value is the function
getting closer and closer to?

C. On a new coordinate axis, graph the following functions

f(x) = 0.2% g(x) = 0.5% h(x) = 0.8

As the graphs continue to the right, which graph is decreasing the slowest? Fastest?

D. In both sets of functions, how does the value of b affect the rate at which f(x) = B*
change?

Transformations on Exponential Graphs

Back in Section 2.3 we discussed transformations on functions. Exponential functions
have the same types of transformations and are described by the following formula.

T(x) = —a - BI7PO=ml 4

Vertical Transformations Horizontal Transformations

Vertical Reflection: If the negative is in front of the a Horizontal Reflection: if the negative is in front of b

Vertical Stretch/Compression: Stretch if a > 1 Horizontal Stretch/Compression: Stretch if
Compressionif 0 < a < 1 0 < b < 1. Compression if b > 1. Because we

multiply by the reciprocal of b.

Vertical Shift: Shift up k units if k is positive. Shift Horizontal Shift: Here we do opposite of what’s
down k units if k is negative. shown in the equation. —/ moves / units to the

right. /& moves 4 units to the left.



Example 1
A. The function f(x) = 2" is given below. Describe the transformations from the graph of
f(x) to the graph of each function below.

g(x) = 2°+3 h(x) =23 -4

B. Sketch the parent function f(x) = 2* and g(x) = 2**3 on the same graph using
transformations.

C. Sketch the parent function f(x) = 2* and h(x) = 23 — 4 on the same graph using
transformations.

Exponential graphs of f(x) = B*, where B > 1 increase very rapidly but can describe
naturally occurring patterns and phenomena. Consider the situation that if one person is
infected in a community with a contagion and this person infects two other people, and
these two in turn infect two others, and so on every hour, a lot of people would end up
infected. We can see how fast the amount of people being infected per hour grows by using

the exponential function f(x) = 2%, where x = number of hours.

Hours Number of people infected each hour
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If the contagion infected 5 instead of 2 people the model explodes...
Hours Number of people infected each hour
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15625
78125
390625
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After 8 hours, 390625 more new cases of infection are occurring.
Moral of the situation: Stay inside, wash your hands, and do maths.

Example 2
A. The graph of f(x) = 3" is shown below. Describe the transformation from the graph of
f(x) to the graph of each function below.

g(x) = 30.3x h(x) =3 p(x) — 3—().4x

B. Sketch the graph.

Example 3

The graph of p(x) = 37"%" is shown below. Describe the transformation from p(x) to the
graph of each function below.

r(x) =4.370% s()=—2-370%



Exponential Growth and Decay

Exponential functions are useful for modeling situations in which a quantity increases or
decreases by a fixed factor.

Example 4
If you invest $5000 in a stock that is increasing in value at the rate of 3% per year, then the

value of your stock is given by the function f(x) = 5000(1.03)*, where x is measured in
years.

A. Assuming that the value of your stock continues growing at this rate, how much will your
investment be worth in 4 years?

B. When will your investment be worth $80007?

Example 5
Based on data from the past 50 years, the world population, in billions, can be

approximated by the function p(x) = 2.5(1.0185)*, where x = O corresponds to the year
1950.

A. Use this model to estimate the world population in 2015.
B. In what year will the population be double what it is in 20157

Example 6
The amount from one kilogram of plutonium (23°Pu) that remains after x years can be

approximated by the function M(x) = 0.99997*. Estimate the amount of plutonium
remaining after 10,000 years.

The Natural Number e

The irrational number e, designated after the mathematician Leonard Euler, arises naturally
in a variety of phenomena and plays a critical role in the mathematical description of the

physical universe. Its decimal expansion begins ¢ = 2.7182818284459045... and goes on
forever with no pattern. The graph of f(x) = e” is similar to all other exponential functions
with B > 1.



Example 7
If the population of the United States continues to grow as it has since 1980, then the

approximate population, in million, of the United States in year ¢, where t = O corresponds
to the year 1980, will be given by the function P() = 227993,

A. Estimate the population in 2015 according to this model.
B. When will the population reach half a billion?
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