5.3 Concavity and Inflection Points

Obijectives:
« Determine the intervals of concavity
« Find point of infection of a graph of a function.
* Apply the Second Derivative Test to find relative extrema

Definition of Concavity
Let f be differentiable on an open interval I. The graph of fis concave upward on I/ when f’
is increasing. Similarly, the graph of f'is concave downward on I when f’ is decreasing.

This definition is demonstrated in the following diagram.

Concave upward,
f” is increasing.

Concave downward,
f* 1s decreasing.

Concavity Test
Let f be a function whose second derivative exists on an open interval 1.

1. If f’(x) > O for all x in I, then the graph of fis concave up on 1.
2. If f"(x) < Oforall x in I, then the graph of fis concave down on /.

Example 1
Determine the open intervals of concavity for the given function:

f) = =2
* X243

The graph for example 1 has two points where concavity changes. These points are known
as points of inflection or inflection points.



Definition of Points of Inflection

Let f be a function that is continuous on an open interval I and ¢ be a point in /.

If...

1. The graph of f has a tangent at (c, f(c))

2. Concavity changes at (c, f(c)).

then (c, f(c)) is a point of inflection.
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To locate possible points of inflection, find values of x for which f”(x) = 0 or f”(x) does not
exist.

Theorem: Points of Inflection
If (c, f(c)) is a point of inflection of f, then either f”(c) = 0 or f”(x) does not exist at
X =c.
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Example 2

Determine the open intervals of concavity for the given function:

X2+ 1
f0) ===

|
Example 3

Determine the points of inflection and find intervals of concavity.
f(x) = x* — 4x°



Concavity can also be used to determine relative extrema. By using the reasoning that
minimums are at the bottom of concave up and maximums are at the top of concave down
as demonstrated in the following graphs.
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We can summarize this idea by the following...

The Second Derivative Test
Let f be a function such that f'(¢) = 0 and f”(x) exists on the open interval I containing c.

1. If f"(c) > 0, then f has a relative minimum at (c, f(c))
2. Iff"(c) < 0, then f has a relative maximum at (c, f(c))

3. If f(c) = 0, then undeterminable. Refer to 1st Derivative Test.
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Example 4

Find the characteristics of the given function.

f(x) = = 3x + 5x°
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