
4.4 Complex Numbers  
Objectives:

• Write complex numbers in standard form

• Perform arithmetic operations on complex numbers

• Find the conjugate of a complex number

• Simplify square roots of negative numbers

• Find all solutions of polynomial equations


The Complex Number System

1. The complex number system contains all real numbers.

2. The field operations of addition, subtraction, multiplication, and division obey the same 

rules of arithmetic as in the real number system with the exception that exponent laws 
hold for integer exponents but not necessarily for fractional ones


3. The complex number system contains a number  defined by  and as a 
consequence 


4. Every complex number can be written in standard form  where  and  are real 
numbers.


5.  if and one if  and 


Numbers of the form  are called imaginary numbers.  The addition of a real number, , and 
the imaginary part  form a complex number .


Example 1

Find  and  if 


Arithmetic of Complex Numbers

Because the laws of arithmetic hold, the addition, subtraction , and multiplication of 
complex numbers is just like combining and multiplying algebraic expressions.  We can treat 
the  as if it were a special variable where .


Example 2

Perform the indicated operation and write the result in complex standard form .


A. 


B. 


C. 


D.  

i −1 = i
i2 = − 1

a + bi a b

a + bi = c + di a = c b = d

bi a
bi a + bi

x y 2x − 3i = − 6 + 4yi

i i2 = − 1

a + bi

(1 + i) + (3 − 7i)

(4 + 3i) − (8 − 6i)

4i (2 +
1
2

i)
(2 + i)(3 − 4i)



Example 3

Perform the indicated operation and write the result in complex standard form . 
A. 
 B.  




Powers of  

The powers of  form a cycle. Any power of  must be one of the four values: , -1, , or 1.  
To find higher powers of , such as , divide  by 4 and match the remainder to one of the 
powers listed above.


Example 4: Find the following powers of  
A. 
 B. 
 C.  

Complex Conjugates

Conjugates have been discussed and used in factoring a Difference of Two Squares. 





Complex conjugates are similar, but have an imaginary part.  The expressions  and 
 are complex conjugates of each other.  Moreover, 





 and  are nonnegative real numbers, therefore so is 


a + bi
(3 + 2i)(3 − 2i) (4 + i)2

i

i i i −i
i in n

i
i54 i83 (−i)18

a2 − b2 = (a + b)(a − b)

a + bi
a − bi

(a + bi)(a − bi) = a2 − b2i2 = a2 − b2(−1) = a2 + b2

a2 b2 a2 + b2



Quotient of Two Complex Numbers

When finding the quotient of two complex numbers, the method is to rationalize the 
denominator making use of complex conjugates.  The denominator is transformed into a 
real number, and the result written in complex standard form.


Example 5


Find the quotient of .  Write the solution in complex standard form.


Square Roots of Negative Numbers

Let  be a positive real number, then 





When dealing with the square roots of negative numbers, the proper method is to simplify 
the  first before any other mathematical operation.


Example 6

Simplify the following and write in complex standard form. 
A. 


B. 

C.  

Every negative real number has two square roots in the complex number system. For 
example: 









Complex solution exist for equations that have no real solutions.


Example 7

Find all solutions for the given equation:   =0




Example 8

Find all solutions of 


Conjugate Solutions

If  is a solutions of a polynomial with real coefficients, the so is its conjugate .

3 + 4i
1 + 2i

b
−b = −1 ⋅ b = −1 ⋅ b = i b

i

−3 1 − −7
3

(7 − −4)(5 + −9)

x2 = − 16
x2 = −16
x = ± 4i

2x2 + x + 3

x3 = 1

a + bi a − bi
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