Unit 4: Derivatives of Inverse Functions

4.1 Inverse Functions

Obijectives:
« Define Continuity and Differentiability of inverse functions

» Find the derivative of an inverse function.

Continuity and Differentiability of Inverse Functions

Let f be a function whose domain is an interval . If f has an inverse function then the
following statements are true:

A. If fis continuous on its domain, ’[henf_1 is continuous on its domain.
B. If fis increasing on its domain, ’[henf_1 is increasing on its domain.
C. If fis decreasing on its domain, thenf_1 is decreasing on its domain.

D. If fis differentiable on an interval containing ¢ and f'(c) # 0, ’chenf_1 is differentiable

at f(c).

Derivative of an Inverse Function
Let f be a function whose domain is an interval I. f f has an inverse function g, then g is
differentiable at any x for which f'(g(x)) # O, that is

g'(x) = @ as long as f(g(x)) # 0

Example 1

P+ x—-1

Let f(x) = %

a) Find the value of f~'(x) when x = 3.

b) What is the value of (f~1)'(x) when x = 3.

https://youtu.be/RIFRL2Qve5s



Example 2

The function f(x) = x° + x has an inverse function g. Find g’(2).
8 8

https://youtu.be/CLOzclrD4fw

Example 3

The function f(x) = x> 4+ 2x — 4 is 1-1 and has an inverse function g. Find the equation of
the tangent line to g at the point (8, 2).

https://youtu.be/soEuz1hfeY8

Example 4

Let f(x) = x> forx >0 and let f~'(x) = \/; Show that the slopes of the graphs of fand

f_1 are reciprocals of one another at each of the following points.

a) (2, 4)and (4, 2) b) (3, 9)and (9, 3)

https://youtu.be/lJcMP8MCeQM

In general, if y = g(x) = f~'(x), then f(y) = x therefore f'(y) = ?
y
Hence, g’(x) & 1 : 1
ence, = = = -
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The consequence of this is that we can use implicit differentiation to find (f_l)’(x) easily as
in the following example.

Using Implicit Differentiation to find (£~ (x)
Example 5

A. Find (f71)(x) given f(x) = 5x> +x = 7

B. Find (f~1)'(—1)
https://youtu.be/MXLJ7mS9Suw
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