HL Option A-J
Solutions for the Option Book are found at the back of the book.
numbered problem solutions can be found there.

Both Even and Odd

EXERCISE B.2

1 Evaluate the following limits, where possible:

a lim T+ 1 b lim T+1 ¢ | z2 4+ 3z —4
z—1 72 -2 — 3 z——1122 -2z -3 z—0 r—1
2 _
d lim 2321 e lim — (-2 f lim — (2-1
z—1 r—1 y—=2y—5\y 5 y—=5y—5\y 5
2 Evaluate the following limits, where possible:
Inz sinT sinz
a lim b lim ¢ lim
z—2— V2—1x z—0 €T z—gq— 1—cosz
d lim &° e lim 2°%
6—0 6 T secT
2
3 Evaluate the following limits, where possible:
. 34z . 4?2 -5z +1 . 2 + 3 . 1+z
a lim b lim ———M— ¢ lim d lim —————
T—00 :1:2+:l:+1 T—00 T I—>00:z:2+:l:+1

z—oo T+ 5H

)
yz tzt+z find lim Vz2+ 2 —z.

4 By first multiplying by \
V2 +z+z T—oo

EXERCISE B.3

1 Use the Fundamental Trigonometric Limit 1 sinf _ 1 and the limit laws to determine the

. - - 9_>0
following limits:
.. 9 . .

a lim sin“ @ b lim sin 36 ¢ Lim 7] d lim sin Tz

6—0 @ 6—0 6 #—0 tanf z—0 dx
2 .

e lim zcotz f lim Z1Z g lim 22Z

z—0 z—0 sin 2z r—0+ \/E

3 Use the Squeeze Theorem to prove that lin}] g(z) =0 for:
a g(z)=a%cos (z) b g(z) =zsin (2)
- |z

c g(:c)=e(_;) sinz d g(a:)=1_+_$4




EXERCISE E

1 Evaluate, if possible, the following limits using 1’Hopital’s Rule. \

a lim 1 —cosz

z—0 2

climhlm

z—1x—1

b

d

e lim zlnz f
r—0+t

g lim z?+a

z—0 sin2z
. T +sinz
lim ———

z—0 T —sinT

k lim &%

z—0 sinz

tanx

2 Attempt to find lim
=— SecrT
2

using

r—

w
5—8ICC(E.’L‘—.’L‘

et —1—=x
lim ———
rz—0 T2
lim 2
r—oo T
lim arctan =
z—0 T
lim sinx
z—0t /T
lim z%Inz
rz—0t

, where a, b> (0 are real constants.

I’Hépital’s Rule.

3 Show that lim =t

z—0 z3

EXERCISE G.1

1 Let y=sinz on [0, 7.

Let P={0,%,% 32 7} be a regular partition of [0, 7].

> 42 2> 4

Calculate Ly and Uy exactly, and sketch the corresponding areas on graphs of the function.

2 Suppose f(z) =2z on [1,4].
a Let P be a regular partition of [1, 4]
and n.
b Write expressions for L,, and U,,.

into n subintervals. Find Az, and write x; in terms of ¢

¢ Hence find the area A under the curve f(z) =2z and above the z-axis on [1, 4].

3 Suppose f(z)=2z2% on][l,2].
a Let P be a regular partition of [1, 2]
and n.
b Write expressions for L, and Uny.

¢ Hence show that the area A under the curve f(z) = =

7 units?
3l.ll'lltS.

into n subintervals. Find Az, and write x; in terms of 7

2 and above the z-axis on [1, 2] is



EXERCISE 1.1

1 Use the Comparison Test for improper integrals to test for convergence:

o0
2 —1

o0
xr
a —_—dx b —dz
/1 22° + 322 +1 2 zT+1

oo .
2 Determine whether / SIL; dx is convergent.
1 xr

3 Test for convergence:
a / I4 i dz b / e_Iz dz C / =2 dzx d / e Tlnzdx
1 TEH1 0 1 z 1

o0
4 Show that / e “cosx dr is convergent.
0

5 Evaluate:

oo oo
dz 1 . 1
a / e} b / —23111(—) dz
@ T¢ta R T

=

oo
6 Evaluate —dr using the substitution u = e*.
« eI + e—I

o0
10 a Evaluate the integral / z"e Tdx for n=0, 1,2, 3.
0

o0
b Predict the value of / z"e T dx for neZt.
0
¢ Prove your prediction using mathematical induction.

EXERCISE J.1

1 Using the appropriate Algebra of Limits Theorems, evaluate hné0 an when it exists:
n—

a a,= = neL’ b a,=In(l+n)—Inn, neZ*
n-+n
3n2 - 5n n(n + 2) n3
¢ @p = ———————, nezt d a, = — , nezZt
" B5n24+2n—6 € " n+1 n2 41 €

2n — 3\*

¢ an=AFI-m nezZt fan=(33)  nezt
n

2 Determine whether the following sequences converge:
n! b 1 . vn—1
(n+3)! /n2 +1—n Vn+1
2 3 /on5 — n2
d {cos n} . {(—1)"8'111(1)} f { 2n2 n +4}
2n n n®+1




7 If lim an = a, lim b, = b, and o« and [ are real constants, use the Algebra of Limits
n—oo n—oo

Theorems to prove that Hn;o (can + Bbr) = aa + [Bb.

Hence prove that hrrcl’o (an —bn)=a-—b.

EXERCISE J.2

. 2n — .
1 a Prove that the sequence {u, } with nth term u, = 3" +; is:
n
I monotone increasing il bounded.

b Determine whether the following sequences are monotone and bounded, and calculate their
limits if they exist:

(%) )

3 The sequence {z,} is defined by z; =0, z,= \/m
a Use mathematical induction to show that {z,,} is monotone increasing.
b Evaluate z,, 3, 23, ...., £11, and hence suggest an upper bound for {z,}.
¢ Use mathematical induction to prove that {z,} is bounded.
d Hence find lim z,.

n—oo

o
o

n
Expand (1 - l) , n€Z", using the Binomial Theorem.
n

n
b Define {e,} by e, = (1 e l) and show that e, equals:
n

o3 (-2 +50-H) (-2 ¢ [0-2) 63 - (6-2)

i Showthat 2<e, <e,yq forall neZ",

"

. 1 1 1 1 1 1

neZt.
iii Hence show that {e,} is convergent.
d i Giventhat lim (1+2) =e~2718, showthat lim (1-1) =e™.
n—oo n n—oo n

I Hence show that lim (n—') = (0 using the Squeeze Theorem.

n—oo \n"
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