Chapter 21

Section A: Upper and Lower Limits

1 Consider the area between y =z and the z-axis from =0 to z = 1.
a Divide the interval into 5 strips of equal width, then estimate the area using:
i upper rectangles il lower rectangles.
b Calculate the actual area and compare it with your answers in a.
3 Use rectangles to find lower and upper sums for the area between the graph of y = z? and the
z-axis for 1 <z <2. Use n =10, 25, 50, 100, and 500.
Give your answers to 4 decimal places.
As n gets larger, both Ay and Ay converge to the same number which is a simple fraction. What

is it?
5 Consider the quarter circle of centre (0, 0) and Ay
radius 2 units illustrated. 92 >
y=v4 -z
Its area is  x(full circle of radius 2)
_1 2
=7 XmTX2
= 7 units? z
- & 9 >
v

a [Estimate the area using lower and upper rectangles for n = 10, 50, 100, 200, 1000, and 10 000.
Hence, find rational bounds for 7.

b Archimedes found the famous approximation 3% << 3%.
For what value of n is your estimate for 7 better than that of Archimedes?
1 a Sketch the graph of y=+/z for 0<z < 1.
1
Shade the area described by / VT dx.
0

b Find the lower and upper rectangle sums for n = 5, 10, 50, 100, and 500.

1
¢ Use the information in b to find / Vz dx to 2 significant figures.
0



Section B: Anti-derivatives

1 a Find the antiderivative of:
1 1
i il z? i z° iv z72 v z74 vi 23 vii 2

b From your answers in a, predict a general rule for the antiderivative of z", for n # —1.

2 a Find the antiderivative of:
1

. ™ T =T
i e2= ii €5 il e?

w8

iv 001z v ™ vi e

kz

b From your answers in a, predict a general rule for the antiderivative of e where k is a

constant.

3 Find the antiderivative of:
a 622 +4x by first differentiating 23 + 22 b €321 by first differentiating e3*+!
¢ /z by first differentiating z./z d (2z+1)% by first differentiating (2z + 1)%.

Section C: Fundamental Theorem of Calculus

1 Use the fundamental theorem of calculus to find the area between:
a the z-axisand y =2 from z=0 to z=1
b the z-axisand y =22 from z=1 to z =2
¢ the z-axisand y=+/z from z=0 to z=1.
Check your answers using technology.

2 Use the fundamental theorem of calculus to show that:

a / f(z)dz =0 and explain the result graphically

b
b / cdx = c(b— a) where c is a constant
a

c /b f(:c)da::—/ab f()dz

3 Use the fundamental theorem of calculus to find the area
between the z-axis and:

a y=23 from =1 to =2
b y=22+3x+2 from z=1 to z=3
¢ y=4/z from =1 to z=2

d y=¢€" from z=0 to =15

1
e y=— from z=1 to =4

Vz

f y=a23+222+72x+4 from z=1 to =125



5 a Use the fundamental theorem of calculus to show that

/ (~f@)) do= - / (@) de

b Hence show that if f(z) <0 forall z on —_—
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b
a <z < b then the shaded area = —/ f(z) d.
a

¢ Calculate the following integrals, and give graphical interpretations of your answers:

i/ol(—a:2)d:r i /01(:1;2—1:)d1: i /0 3z dzx

-2

2
d Use graphical evidence and known area facts to find / (—\/ 4 — w2) dx.
0

Section D: Integrals

2 If y=2%+22% find Zm—y Hence find /(3:::2 + 2z) dz.

3 If y=e2*t find Z—y Hence find /ez““dw.

T

1

6 Ify=\/§,

dy 1
find e Hence find / mdm.

10 Prove the rule / [f(z) + g(z)] dz = / f(z)dz + / 9(z) dz.

4 — 6

12 By considering diln(5 — 3z +2?), find /W
T — o T

12 Find i(csca:) Hence find /COS; dz.
dx sin®

14 By considering di(arctan:z:), find / ;j N dz.
T &T

15 By considering di(Qz), find /21 dz. Hint: 2% — (eln2)z_
€T






