4.5 Fundamental Theorem of Algebra

Section 1: Factor Theorem

In Exercises 1-6, determine if g(x) is a factor of f(x)
without using synthetic or long division.

1. fx)=x0+2% gx)=x-1

2. fx)=x*-10 gx)=x-2

3 fx)=3x'-6x*+2x—1 gx)=x+1
4. fx)=*-32+2x -1 gx)=x-2
5. fx) =x— 22 + 5x — 4 gx)=x+2
6

. f(x) = 1027 — 8x% + 6x® + &xZ — 5 + 5
gx)=x-1

Section 2: Multiplicity

In Exercises 7-10, list the zeros of the polynomial and
state the multiplicity of each zero.

Y
8. g(x) = 3(x + %)(x _ %)(x ) %)

9. h(x) = 2°(x — m)"[x — (= + 1)]°

7. f(x) = xf"(x -

10. k(x) = (x — V7)x - V5)°(2x - 1)

Section 3 Writing polynomials as the product of linear factors

In Exercises 11-22, find all the zeros of f in the com-
plex number system; then write f(x) as a product of
linear factors.

M. fx)=x*-2x+5 12, f(x) =x"—4x + 13
13. f(x) =32 +2x +7 14. f(x) =3x* —5x +2
15. f(x) = x> — 27 Hint: Factor first.
16. f(x) = x>+ 125 17. f(x) =x*+ 8
18. f(x) = x* — 64

Hint: Let u = x* and factor u? — 64 first.
19. f(x) =x*-1 20. f(x)=x*—x2-6
21, fx)=x'—3x2-10 22, flx) =2*'—-7x? -4

1L fx)=x"+2* gx)=x-1
0
2. fx)=x*-10 gx)=x-2
No
3. flx)=3x*—6x>+2x— 1
0
4. f(x)=x>—3x>+2x — 1
0
5. f(x) =x*—2x>+5x -4
0
6. f(x) = 10x™ — 8x*° + 6x* + 4x2 — 2x® + 5
gx)=x-1
No
7. x = 0 (multiplicity 54);
x = —¢ (multiplicity 1)
8. x = — (multiplicity 1);
x = 3 (multiplicity 1);
x = —3 (multiplicity 1)
9. x = 0 (multiplicity 15);
x = 7 (multiplicity 14);
x = o + 1 (multiplicity 13)
10. x = \/7 (multiplicity 7);
x = \/5 (multiplicity 5);
x = —3 (multiplicity 1)
M. x=1+2i
f(x) = (x — 1 — 2i)(x — 1 + 2i)
12 x=2+3i
f(x) = (x — 2 + 3i)(x — 2 — 3i)
1,2V5
13. x -3 i\TI
f(x) = (x+ : —%i)
+ 1+ 2;_3,)
14. x=1or3; f(x)=Bx—2)(x—1)
15. x=3or —gi¥l
f(x):(x—3)<x+§—¥>
(r+2+252)
16. x = 50r215\231
~ \2
fx) = (x + 5} x — 3 — 23 -

gx)y=x+1
gx)y=x-2
gx)=x+2



Section 4: Writing a polynomial with given zeros

In Exercises 23-44, find a polynomial f(x) with real
coefficients that satisfies the given conditions. Some
of the problems have many correct answers.

23. degree 3; only zeros are 1,7, —4
24. degree 3; only zeros are 1 and —1
25. degree 6; only zeros are 1,2, =
26. degree 5; only zero is 2

27. degree 3; zeros —3,0,4; f(5) =
28. degree 3; zeros —1,%, 2; f(0) =

29. zeros include 2 + iand2 — i

30. zeros include 1 + 3iand 1 — 3i

31. zerosinclude2and 2 + i

32. zeros include 3 and 4i — 1

zeros include —3,1 —i,1 + 2i

zeros include 1,2 +4,3i — 1

35. degree 2; zeros 1 + 2iand 1 — 2i

36. degree 4; zeros 3i and —3i, each of multiplicity 2
37. degree 4; only zeros are 4,3 +i,and 3 — i
38. degree 5; zeros 2 of multiplicity 3, i, and —i

39. degree 6; zeros 0 of multiplicity 3and 3, 1 + 4,

1 — i, each of multiplicity 1
40. degree 6; zeros include i of multiplicity 2 and 3
41. degree 2; zeros include 1 + i; f(0) =
42. degree 2; zeros include 3 + i; f(2) = 3
43. degree 3; zeros include i and 1; f(—1) =

44. degree 3; zeros include 2 + 3iand —2;f(2) = -3

Uit

18.

19.

20.

21.

22.

x=-20r1+iV3
fx) = (x+ 2x — 1 = iV3)Jx—1+iV3)
x=-1+iV3 or1+iV3or +2;
fx) = (x — 2)(x + 2x — 1 —iV/3)-
(x—1+iVB)x+1-iV3)x+1+iV3)
x==1or %i;
f(x)=x—1)x—i)(x+ 1)(x + i)
x=+\/3 or +iV/2;
f(x) = (x = \/5)(x + V’g)(x =] \/E)(x + i\/’E)
x = +V5 or +i\V/2
f(x) = (x = '\/‘g)(x + \g)(x = i\/E) ..
.(x + iVE)
xX=x2o0r t%i
V2

f(x) = 2<x = t ><x B ?/>(x ~2)(x + 2)

23. degree 3; only zeros are 1,7, —4

Possible answer: f(x) =

(X - 1)(x 7)(x + 4)

24. degree 3; only zeros are 1

Possible answer f(x) =
25. degree 6;
Possible answer f(x)

(x— 1)’(x+ 1)

only zeros are 1,2, 7

(x = 1)(x — 2*(x — @)

26. degree 5; only zero is

Possmle answer: f(x)

3; 30 1) = 2)5
degree 3 zeros f(xf) Nl 2x(x 4)(x + 3)

28. degree 3; zeros —1, ' 2; f(0) =

29. zeros include 2 +iand 2 — i

28.

30.
31.
32.
33.
34.
35.
36.
37. d
38. d
39. d

40. d
41.
42.
43.
44.

44,

f(x) =x2-4x+5
o (x-2)oc-
(x)=2(x+ 1) x 2)(x 2)

zeros include 1 + 3iand 1 — 3i

f(x)=x2-2x+10
zeros include 2 and 2 + i
f(x) = (x — 2)(x2 — 4x + 5)

zeros include 3 and 4i — 1

f(x) = (x— 3)(x% + 2x + 17)

zeros include —3,1 — 1,1 + 2i

f(x) = (x + 3)(x2 — 2x + 2)(x2 — 2x + 5)
zeros include 1,2 + 1,31 — 1

f(x) = (x— 1)(x2 4x + 5)(x2 + 2x + 10)
degree 2; zerosl +2iand 1 —

fx) =x2-2x+5

degree 4; zeros 3i and —3i, each of multiplicity 2
f(X) (x2 + 9)?

ee 4; 0nlyzerosare4 3+iand3 —i

f(X) éx 4)2(X 6x + 10)

egree 5; zeros 2 of multlphcu'y 3,i,and —i
f(X ) =(x— 2% (X +1)

egree 6; zeros 0 of multlphcnty 3and 3,1+,

1 — i, each of multiplicity 1
f(X) X(x —3)(x¥ = 2x + 2)

egree 6; zeros include i of multiplicity 2 and 3
féx) (X2 + 1)2(x — 3)

ee 2; zeros include 1+ i; f(0) =

f(x) = 3(X —2X + 2)
degree 2; zeros include 2

& f(x) 3§+x’ﬂ—)gx + 15
degree 3; zeros mclude iand 1; f(—1) =
f(x) = —2x3 + 2x% — 2x + 2
degree 3; zeros include 2 + 3iand —2;(2) = -3

f(x) = —35x° + 2



Section 5: Find a polynomial given complex zeros.

In Exercises 45-48, find a polynomial with complex
coefficients that satisfies the given conditions.
Possible answers:

45. degree 2; zerosiand 1 — 2i 45. degree 2;zerosiand 1 — 2i
f(X)=x*-—(1-ix+(2+1)

46. degree 2; zeros 2iand 1 + i 46. eg;'eez 591'05(%’_?_“%’1);_:_ (~2 +2i)

47. degree 3; zeros 3,i,and 2 — i a7 (i(egee % ze:ossij( 4 im(i_/Z; '2 ix — (3 + 6i)

48. degree 4; zeros \/2, —\/2, 1+ i,and 1 — i 48. ;i Fgei4x€erfsz\){g + \4/)% ! Z pand 1 =1

Section 6: Find all zeros (real and complex).

In Exercises 49-56, one zero of the polynomial is given;

find all the zeros. 1,\3
49. x* — 2x* — 2x — 3; zero 3 3, — t'Ti-
49. x> — 2x* — 2x — 3; zero 3

50.x3+4.1_c-+x+1;zer01

3 2 . :
50. x* + x* +x + 1, zero i 51.x4+3x34;3x2+3x+2;zer0i

51. x* + 33+ 3x2 + 3x + 2, zero i 52.5 —5:5x2—x—6zerot
3
52. xd _ X3 _ 512 — x — 6; zero i 53. 1x :221x3 + 5x2 — 8x + 4; zero 1 of multiplicity 2
53. x* — 2x* + 5x% — 8x + 4; zero 1 of multiplicity 2 54. x* — 6x* + 20x* — 76x + 68; zero 2 of multiplicity 2
2 1%4j
55. x* —4x* + 6x2 —4x + 5; zero 2 — i

4 _ _ . e .,,, Y
54. x' — 6x° + 29x” — 76x + 68; zero 2 of multiplicity 2 __ *,2%J -

3,2, £2j
55. x! —4x* + 6x2 —4x + 5;zero 2 — i !

56. x! — 5x° + 10x? — 20x + 24; zero 2i
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